A theoretical analysis of the concept of lifethne and mean life of unstable elementary particles is presented. New analytic formulas for lifetime and mean life as a function of decay width I" and the mass of unstable particle are derived for BreitWigner and Matthews-Salam energy distributions. It is demonstrated that, for unstable particles with a larger width or decay energy threshold, the deviation from the generally accepted mean life r" = F-i is significant. The behavior of the decay law P( t) for small times is analyzed, and it is shown that the
INTRODUCTION
Almost all elementary particles are unstableJ 1) However, the instability effects are usually disregarded in a description of elementary particle interactions. In fact, in most applications of the standard model one uses, as a main tool, the S-matrix approach in which one assumes implicitly or explicitly that asymptotic states exist also for unstable particles such as p, r, Z ~ W +, and other elementary particles. On the other hand, analyzing the energy dependence of various cross sections like, e.g., the total cross section e++e--,hadrons, we observe the striking effects due to instabilities of exchanged vector mesons like p, co, ok, J/U, 1 ~, and Z. I1~
We have decided therefore to investigate in details the properties of unstable particles. We present in this work a detailed analysis of the concept of lifetime and mean life as a function of the decay width F, mass m, and threshold energy 2thr, since these quantities give important characteristics of unstable elementary particles.
In all experimental analyses one identifies the mean life ~ of unstable particle ~, with the quantity
where F is the decay widthJ l) This relation would be true if the decay law P~(t) (defined below) is given by a pure exponential, i.e.,
P~,(t)=exp(--Ft),
for all t>~0 (1.
2)
It was observed, however, in several works that the decay law for unstable systems cannot be given by a pure exponential. In fact we have: Theorem 1.1. Let ~ be a state of an unstable system, and let C and B be some positive constants such that
Pq,(t) <~ Ce -B'
for all t/> 0. Then the spectrum of the corresponding energy operator H equals R = (-c~, c~). (For the proof see Ref. 2, Theorem 1.5.7.) Since the energy spectrum of a physical system must be bounded from below, Theorem 1.1 states that the decay law Pq,(t) cannot be given by a pure exponential. Hence formula (1.1) for the mean life is incorrect. A more detailed analysis indicates that we must have, in general, a deviation from a pure exponential for small and large times: in particular, we have t2"3~ dP~(t)
whereas for a pure exponential this derivative equals -F; for large times we have
(1.4) with n > t and n and c depending on the shape of the energy spectrumJ 2-4~ The analysis shows that the algebraic time dependence in (1.4) follows from the boundedness from below of the energy operator and is therefore unavoidable. Consequently, if the time of measurement increases, the algebraic term becomes dominant and there is no reason to relate r~' with
